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Abstract
In 1965, Motzkin and Straus established a remarkable connection between the order of a maxi-
mum clique and the Lagrangian of a graph and provided a new proof of Tura´n’s theorem using the
connection. The connection of Lagrangians and Tura´n densities can be also used to prove the fun-
damental theorem of Erdo˝s-Stone-Simonovits on Tura´n densities of graphs. Very recently, the study
of Tura´n densities of non-uniform hypergraphs have been motivated by extremal poset problems.
In this paper, we attempt to explore the applications of Lagrangian method in determining Tura´n
densities of non-uniform hypergraphs. We first give a definition of the Lagrangian of a non-uniform
hypergraph, then give an extension of Motzkin-Straus theorem to non-uniform hypergraphs whose
edges contain 1 or 2 vertices. Applying it, we give an extension of Erdo˝s-Stone-Simonovits theorem
to non-uniform hypergraphs whose edges contain 1 or 2 vertices.
Key Words: Lagrangians of hypergraphs, Tura´n density, extremal problems
1 Introduction and main results
Tura´n problems on uniform hypergraphs have been actively studied. In 1965, Motzkin and Straus
provided a new proof of Tura´n’s theorem based on a remarkable connection between the order of a
maximum clique and the Lagrangian of a graph in [13]. In fact, the connection of Lagrangians and Tura´n
densities can be used to give another proof of the fundamental theorem of Erdo˝s-Stone-Simonovits on
Tura´n densities of graphs in [12]. This type of connection aroused interests in the study of Lagrangians
of uniform hypergraphs. Very recently, the study of Tura´n densities of non-uniform hypergraphs have
been motivated by extremal poset problems (see [8] and [9]). In this paper, we attempt to explore the
applications of Lagrangian method in determining Tura´n densities of non-uniform hypergraphs. We first
give a definition of the Lagrangian of a non-uniform hypergraph, then give an extension of Motzkin-
Straus theorem to non-uniform hypergraphs whose edges contain 1 or 2 vertices. Applying it, we give
an extension of Erdo˝s-Stone-Simonovits theorem to non-uniform hypergraphs whose edges contain 1 or
2 vertices.
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A hypergraph H = (V,E) consists of a vertex set V and an edge set E, where every edge in E is
a subset of V . The set R(H) = {|F | : F ∈ E} is called the set of edge types of H . We also say that
H is a R(H)-graph. For example, if R(H) = {1, 2}, then we say that H is a {1, 2}-graph. If all edges
have the same cardinality k, then H is a k-uniform hypergraph. A 2-uniform graph is called a graph. A
hypergraph is non-uniform if it has at least two edge types. For any k ∈ R(H), the level hypergraph Hk
is the hypergraph consisting of all edges with k vertices of H . We write HRn for a hypergraph H on
n vertices with R(H) = R. An edge {i1, i2, · · · , ik} in a hypergraph is simply written as i1i2 · · · ik
throughout the paper.
The complete hypergraph KRn is a hypergraph on n vertices with edge set
⋃
i∈R
(
[n]
i
)
. For example,
K
{k}
n is the complete k-uniform hypergraph on n vertices. Let [k] denote the set {1, 2, · · · , k}, then K
[k]
n
is the non-uniform hypergraph with all possible edges of cardinality at most k. The complete graph on
n vertices K
{2}
n is also called a clique. We also let [k](r) represent the complete r-uniform hypergraph
on vertex set [k].
Let us briefly review the Tura´n problem on uniform hypergraphs. For a given r-uniform graph F and
positive integer n, let ex(n, F ) be the maximum number of edges an r-uniform graph on n vertices can
have without containing F as a subgraph. By a standard averaging argument of Katona, Nemetz, and
Simonovits in [11], ex(n,F )
(nr)
decreases as n increases, therefore limn→∞
ex(n,F )
(nr)
exists. This limit is called
the Tura´n density of F and denoted by π(F ). Tura´n’s theorem [17] says that π(K
{2}
l ) = 1 −
1
l−1 . The
fundamental result in extremal graph theory due to Erdo˝s-Stone-Simonovits generalizes Tura´n’s theorem
and it says that for a graph F with chromatic number χ(F ) where χ(F ) ≥ 3, then π(F ) = 1− 1
χ(F )−1 .
However, we know quite few about Tura´n density of r-uniform hypergraphs for r ≥ 3 though some
progress has been made.
A useful tool in extremal problems of uniform hypergraphs (graphs) is the Lagrangian of a uniform
hypergraph (graph).
Definition 1.1 Let G be an r-uniform graph with vertex set [n] and edge set E(G). Let S = {~x =
(x1, x2, . . . , xn) ∈ R
n :
∑n
i=1 xi = 1, xi ≥ 0 for i = 1, 2, . . . , n}. For ~x = (x1, x2, . . . , xn) ∈ S, define
λ(G, ~x) =
∑
i1i2···ir∈E(G)
xi1xi2 . . . xir .
The Lagrangian of G, denoted by λ(G), is defined as
λ(G) = max{λ(G, ~x) : ~x ∈ S}.
Motzkin and Straus in [13] shows that the Lagrangian of a graph is determined by the order of its
maximum clique.
Theorem 1.1 (Motzkin and Straus [13]) If G is a graph in which a largest clique has order l, then
λ(G) = λ(K
{2}
l ) = λ([l]
(2)) = 12 (1−
1
l
).
This connection provided another proof of Tura´n’s theorem. More generally, the connection of
Lagrangians and Tura´n densities can be used to give another proof of Erdo˝s-Stone-Simonovits result(see
Keevash’s survey paper [12]). In 1980’s, Sidorenko [15] and Frankl and Fu¨redi [3] developed the method
of applying Lagrangians in determining hypergraph Tura´n densities. More applications of Lagrangians
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can be found in [4], [6], [7], [14], [16]. Very recently, the study of Tura´n densities of non-uniform
hypergraphs have been motivated by the study of extremal poset problems [8], [9]. A generalization of
the concept of Tura´n density to a non-uniform hypergraph was given in [10].
For a non-uniform hypergraph G on n vertices, the Lubell function of G is defined to be
hn(G) =
∑
k∈R(G)
|E(Gk)|(
n
k
) .
Given a family of hypergraph F with common set of edge-types R, the Tura´n density of F is defined
to be
π(F) = lim
n→∞
max{hn(G) : |v(G)| = n,G ⊆ K
R
n , and G contains no subgraph in F}.
The proof of the existence of this limit can be found in [10].
Definition 1.2 For any hypergraph Hn and positive integers s1, s2, . . . , sn, the blowup of H is a new
hypergraph (V,E), denoted by H(s1, s2, . . . , sn), satisfying
1. V =
⋃n
i=1 Vi, where |Vi| = si;
2. E =
⋃
F∈E(H)Πi∈FVi.
Remark 1.2 For a non-uniform hypergraph G on n vertices, the blowup of G has the following property:
lim
t→∞
hnt(G(t, t, . . . , t)) = hn(G).
The Lagrangian of a k-uniform graph G is the supremum of the densities of blowups of G multiplying
the constant 1
k! (see [12]). We define the Lagrangian of a non-uniform hypergraph as follows so that the
Lagrangian of a non-uniform hypergraph H is the supremum of the densities of blowups of H .
Definition 1.3 For a hypergraph HRn with R(H) = R and a vector ~x = (x1, . . . , xn) ∈ R
n, define
λ′(HRn , ~x) =
∑
j∈R
(j!
∑
i1i2···ij∈Hj
xi1xi2 . . . xij ).
Definition 1.4 Let S = {~x = (x1, x2, . . . , xn) :
∑n
i=1 xi = 1, xi ≥ 0 for i = 1, 2, . . . , n}. The Lagrangian
of HRn , denoted by λ
′(HRn ), is defined as
λ′(HRn ) = max{λ
′(HR, ~x) : ~x ∈ S}.
The value xi is called the weight of the vertex i. We call ~x = (x1, x2, . . . , xn) ∈ R
n a legal weighting for
H if ~x ∈ S. A vector ~y ∈ S is called an optimal weighting for H if λ′(H,~y) = λ′(H).
Remark 1.3 The connection between Definitions 1.1 and 1.4 is that, if G is a k-uniform graph, then
λ′(G) = k!λ(G).
In this paper, we will prove the following generalization of Motzkin-Straus result to {1, 2}-graphs.
Theorem 1.4 If H is a {1, 2}-graph and the order of its maximum complete {1, 2}-subgraph is t ( where
t ≥ 2), then λ′(H) = λ′(K
{1,2}
t ) = 2−
1
t
.
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As an application of Theorem 1.4, we will also prove an extension of Erdo˝s-Stone-Simonovits result
to {1, 2}-graphs as given in the following theorem. This result was proved by Johnston and Lu in [10]
using a different approach. Our motivation is to explore the applications of Lagrangian method in the
Tura´n problem.
Theorem 1.5 If H is a {1, 2}-graph and H2 is not bipartite, then π(H) = 2− 1
χ(H2)−1 .
2 Proofs of the main results
We will impose an additional condition on any optimal weighting ~x = (x1, x2, . . . , xn) for a hypergraph
H :
(*) |{i : xi > 0}| is minimal, i.e., if ~y is a legal weighting for H satisfying |i : yi > 0| < |i : xi > 0|,
then λ′(G, ~y) < λ′(G).
2.1 Proof of Theorem 1.4
We need the following two lemmas.
Lemma 2.1 If x1 ≥ x2 ≥ . . . ≥ xk > xk+1 = xk+2 = . . . xn = 0 and ~x = (x1, x2, . . . , xn) is an optimal
weighting of a hypergraph H, then ∂λ
′(H,~x)
∂x1
= ∂λ
′(H,~x)
∂x2
= . . . = ∂λ
′(H,~x)
∂xk
.
Proof. Suppose, for a contradiction, that there exist i and j (1 ≤ i < j ≤ k) such that ∂λ
′(H,~x)
∂xi
> ∂λ
′(H,~x)
∂xj
.
We define a new legal weighting ~y forH as follows. Let yl = xl for l 6= i, j, yi = xi+δ and yj = xj−δ ≥ 0,
then
λ′(H,~y)− λ′(H,~x)
= δ(
∂λ′(H,~x)
∂xi
− xj
∂2λ′(H,~x)
∂xi∂xj
)− δ(
∂λ′(H,~x)
∂xj
− xi
∂2λ′(H,~x)
∂xi∂xj
) + (δxj − δxi − δ
2)
∂2λ′(H,~x)
∂xi∂xj
= δ(
∂λ′(H,~x)
∂xi
−
∂λ′(H,~x)
∂xj
)− δ2
∂2λ′(H,~x)
∂xi∂xj
> 0
for some small enough δ, contradicting to that ~x is an optimal vector. Hence Lemma 2.1 holds.
Lemma 2.2 If x1 ≥ x2 ≥ . . . ≥ xk > xk+1 = xk+2 = . . . xn = 0 and ~x = (x1, x2, . . . , xn) is an optimal
weighting of a hypergraph H satisfying (*), then ∀1 ≤ i < j ≤ k, there exists an edge e ∈ E(H) such
that {i, j} ⊆ e.
Proof. Suppose, for a contradiction, that there exist i and j (1 ≤ i < j ≤ k) such that {i, j} * e for
any e ∈ E(H). We define a new weighting ~y for H as follows. Let yl = xl for l 6= i, j, yi = xi + xj and
yj = xj − xj = 0, then ~y is clearly a legal weighting for H , and
λ′(H,~y)− λ′(H,~x) = xj(
∂λ′(H,~x)
∂xi
−
∂λ′(H,~x)
∂xj
)− x2j
∂2λ′(H,~x)
∂xi∂xj
= 0.
So ~y is an optimal vector and |{i : yi > 0}| = k − 1, contradicting the minimality of k. Hence Lemma
2.2 holds.
4
Proof of Theorem 1.4. Clearly, λ′(H) ≥ λ′(K
{1,2}
t ) = 2−
1
t
.
Now we proceed to show that λ′(H) ≤ λ′(K
{1,2}
t ) = 2 −
1
t
. Let ~x = (x1, x2, . . . , xn) be an optimal
weighting of H satisfying (*) with k positive weights. Without loss of generality, we may assume that
x1 ≥ x2 ≥ . . . ≥ xk > xk+1 = xk+2 = . . . xn = 0. By Lemma 2.2, ∀1 ≤ i < j ≤ k, ij ∈ H
2.
Claim 2.3 ∀1 ≤ i < j ≤ k, if i ∈ H but j /∈ H, then xi − xj = 0.5.
Proof of Claim 2.3. By Lemma 2.1, ∂λ
′(H,~x)
∂xi
= ∂λ
′(H,~x)
∂xj
. By Lemma 2.2, ∀1 ≤ i < j ≤ k, ij ∈ H2,
therefore 1 + 2(1− xi) = 2(1− xj), i.e. xi − xj = 0.5.
Claim 2.4 Either i ∈ H1 for all 1 ≤ i ≤ k or i /∈ H1 for all 1 ≤ i ≤ k.
Proof of Claim 2.4. Assume that there are l 1-sets of {1, 2, 3, · · · , k} in H1. If l = k, then i ∈ E1 for all
1 ≤ i ≤ k, then K
{1,2}
k is a subgraph of H . Since t is the order of the maximum complete {1, 2}-graph
of H , then k ≤ t. We have
λ′(H,~x) = λ′(K
{1,2}
k ) = 2−
1
k
≤ 2−
1
t
.
Therefore we can assume that l ≤ k− 1. Without loss of generality, assume that i ∈ H1 for 1 ≤ i ≤ l
and i /∈ H1 for l + 1 ≤ j ≤ k, By Claim 2.3, xi = xj + 0.5, ∀1 ≤ i ≤ l and l + 1 ≤ j ≤ k. Then l ≤ 1.
Otherwise, x1 = xk + 0.5 and x2 = xk + 0.5, contradicts to
∑k
i=1 xi = 1 and xi > 0 for 1 ≤ i ≤ k. If
l = 1, then x1 = 0.5 +
0.5
k
, x2 = x3 = . . . = xk =
0.5
k
and
λ′(H,~x) = x1 + 2
∑
1≤i<j≤k
xixj
= 0.5 +
0.5
k
+ 2(0.5 +
0.5
k
)(0.5−
0.5
k
) + 2
(
k − 1
2
)
(
0.5
k
)2
= 1.25 +
0.25
k
−
0.5
k2
< 1.5
≤ 2−
1
t
.
So Claim 2.4 holds.
Let’s continue the proof of Theorem 1.4.
If i ∈ E1 for all 1 ≤ i ≤ k, then K
{1,2}
k is a subgraph of H . Since t is the order of the maximum
complete {1, 2}-graph of H , then k ≤ t. We have
λ′(H,~x) = λ′(K
{1,2}
k ) = 2−
1
k
≤ 2−
1
t
.
If i /∈ E1 for all 1 ≤ i ≤ k, then
λ′(H,~x) = λ′(K
(2)
k ) = 1−
1
k
≤ 2−
1
t
.
2.2 Proof of Theorem 1.5
Let F and G be hypergraphs. We say that a function f : V (F ) → V (G) is a homomorphism from F
to G if it preserves edges, i.e. f(i1)f(i2) · · · f(ik) ∈ E(G) for all i1i2 · · · ik ∈ E(F ). We say that G is
F − hom− free if there is no homomorphism from F to G.
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Remark 2.5 If G is F -hom-free, then G is F -free.
Proof of Remark 2.5. If G is not F -free, then G contains a copy of F as a subgraph. Let f : V (F )→ V (G)
be the function defined by f(v) = v for every v ∈ V (F ). Then f is a homomorphism from F to G. So
G is not F -hom-free.
Remark 2.6 G is F -hom-free if and only if the blowup G(s, s, · · · , s) is F -free for every s.
Proof of Remark 2.6. If G is not F -hom-free, then there exists a function f : V (F ) → V (G) which is
a homomorphism from F to G. Let s = max{|f−1(v)|, v ∈ V (G)}. Then G(s, s, · · · , s) contains F as a
subgraph.
Assume that G(s, s, · · · , s) contains F as a subgraph for some s. Then for each v ∈ V (F ), v is
contained in a set of some vertices of G(s, s, · · · , s) blowed up by a vertex w ∈ V (G). Let f(v) = w.
Then f is a homomorphism from F to G.
Remark 2.7 If H is a {1, 2}-graph and t = χ(H2), then a complete {1, 2}-graph K
{1,2}
l is H-hom-free
if and only if l ≤ t− 1.
Proof of Remark 2.7. Apply Remark 2.6.
We can make an analogous definition to the Tura´n density:
πhom(F ) = lim
n→∞
max{hn(G) : |v(G)| = n,G ⊆ K
R(F )
n , and G is F −hom− free.}.
Then we have two useful lemmas.
Lemma 2.8 πhom(F ) = π(F ).
Proof of Lemma 2.8. Let R(F ) = R and G ⊆ KRn . If G is F -hom-free, then by Remark 2.5, G is F -free.
So π(F ) ≥ πhom(F ). On the other hand, ∀ε > 0, ∀n0, ∃n > n0, ∃G ⊆ K
R
n and G is not F -hom-free
such that hn(G) ≤ πhom(F ) + ε. Since there is a homomorphism from F to G with n vertices, then by
Remark 2.6, there exists s such that G(s, s, . . . , s) contains F . So,
π(F ) ≤ lim
s→∞
hns(G(s, s, . . . , s))
= hn(G)
≤ πhom(F ) + ε.
Hence, π(F ) ≤ πhom(F ).
Lemma 2.9 π(F ) is the supremum of λ′(G) over all F -hom-free G with R(G) ⊆ R(F ).
Proof of Lemma 2.9. Suppose that F is a hypergraph and G is an F -hom-free hypergraph with n
vertices and R(G) ⊆ R(F ). Let ~s = (s1, s2, . . . , sn) be an optimal vector of λ
′(G). Take any m, note
that G(s1m, s2m, . . . , snm) is an F -free hypergraph on p = (
∑n
i=1 si)m vertices with R(G) ⊆ R(F ) and
hp(G(ms1,ms2, . . . ,msm)) =
∑
j∈R(G)
∑
i1i2...ij∈E(G)
(si1si2 . . . sij )m
j(
sm
j
) → λ′(G,~s) as m→∞.
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So π(F ) ≥ λ′(G,~s) = λ′(G).
On the other hand, ∀ε > 0, ∀n0, ∃n > n0, ∃ an F -hom-free H with n vertices and R(H) ⊆ R(F )
such that π(F ) ≤ hn(H) + ε. Note that
λ′(H) ≥ λ′(H, (
1
n
,
1
n
, . . . ,
1
n
))
=
∑
j∈R(H)
j!
∑
i1i2...ij∈E(H)
(
1
n
)j
≥ hn(H)− ε when n is large enough.
So, π(F ) ≤ λ′(H) + 2ε.
Therefore, π(F ) is the supremum of λ′(G) over all F -hom-free hypergraphs G with R(G) ⊆ R(F ) .
To continue the proof of Theorem 1.5, we define a dense hypergraph.
Definition 2.1 A hypergraph G is dense if every proper subgraph G′ satisfies λ′(G′) < λ′(G).
Remark 2.10 By Theorem 1.1 and Remark 1.3, a graph G is dense if and only if G is K
{2}
t . By
Theorem 1.4, a {1, 2}-graph G is dense if and only if G is K
{1,2}
t (where t ≥ 2).
Proof of Theorem 1.5. Assume that H is a {1, 2}-graph and H2 is not bipartite. By lemma 2.9, π(H) is
the supremum of the Lagrangians of all H-hom-free {1, 2}-graphs, all H-hom-free graphs and all H-hom-
free {1}-graphs . So π(H) is the supremum of the Lagrangians of all dense H-hom-free {1, 2}-graphs,
all dense H-hom-free graphs and all H-hom-free {1}-graphs. Let t = χ(H2) ≥ 3. By Remark 2.10 and
2.7, a dense H-hom-free {1, 2}-graph must be K
{1,2}
l , 2 ≤ l ≤ t− 1 and a dense H-hom-free graph must
be Ks. Also, note that the Lagrangian of all {1}-graphs is 1. So,
π(H) = max{λ′(K
{1,2}
t−1 ), λ
′(Ks), 1} = max{2−
1
t− 1
, 1−
1
s
, 1} = 2−
1
t− 1
.
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